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Rqh dssurdfk wr wkh prgholqj ri erxqghg udwlrqdolw| lq vwudwhjlf hqylurqphqwv
lv edvhg rq wkh g|qdplfv ri hyroxwlrq dqg ohduqlqj lq jdphv1 Dq hqwluho| gl>huhqw
dssurdfk kdv ehhq ghyhorshg uhfhqwo| e| Rveruqh dqg Uxelqvwhlq +4<<;,1 Wklv odw0
whu dssurdfk lv vwdwlf dqg htxloleulxp edvhg/ exw uholhv rq ohvv vwulqjhqw dvvxpswlrqv
uhjduglqj wkh nqrzohgjh dqg xqghuvwdqglqj ri sod|huv wkdq grhv wkh vwdqgdug wkhru|
ri Qdvk htxloleulxp1 Wklv sdshu irupdol}hv Rveruqh dqg Uxelqvwhlq*v g|qdplf lq0
whusuhwdwlrq ri wkhlu htxloleulxp frqfhsw dqg wkhuhe| idflolwdwhv d frpsdulvrq ri wklv
dssurdfk zlwk wkh h{solflwo| g|qdplf dssurdfk ri hyroxwlrqdu| jdph wkhru|1 Lw wxuqv
rxw wkdw wkh wzr dssurdfkhv jlyh ulvh wr udglfdoo| gl>huhqw vwdwlf dqg g|qdplf suhglf0
wlrqv1 Iru lqvwdqfh/ g|qdplfdoo| vwdeoh htxloleuld fdq lqyroyh wkh sod|lqj ri vwulfwo|
grplqdwhg dfwlrqv/ dqg htxloleuld lq zklfk vwulfwo| grplqdqw dfwlrqv duh sod|hg zlwk
suredelolw| 4 fdq eh xqvwdeoh1 Vx!flhqw frqglwlrqv iru wkh lqvwdelolw| ri htxloleuld duh
surylghg iru v|pphwulf dqg dv|pphwulf jdphv1
MHO Fodvvl?fdwlrq= F:51
Nh|zrugv= G|qdplf Vwdelolw|/ V+4, Htxloleulxp/ Surfhgxudo Udwlrqdolw|/ Hyrox0
wlrqdu| Jdphv1
œL wkdqn Dulho Uxelqvwhlq iru frpphqwv rq dq hduolhu yhuvlrq ri wklv sdshu/ dqg wkh Qdwlrqdo Vflhqfh
Irxqgdwlrq iru ?qdqfldo vxssruw1
|Ghsduwphqw ri Hfrqrplfv/ Eduqdug Froohjh/ Froxpeld Xqlyhuvlw|/ 633< Eurdgzd|/ Qhz \run Q\ 4335:1
H0pdlo= uv65;Cfroxpeld1hgx4 Lqwurgxfwlrq
Glvvdwlvidfwlrq zlwk wkh vwulqjhqw udwlrqdolw| uhtxluhphqwv ri wkh vwdqgdug htxloleulxp ds0
surdfk wr ehkdylru lq vwudwhjlf hqylurqphqwv kdv ixhohg wkh jurzwk ri d odujh olwhudwxuh rq
wkh g|qdplfv ri hyroxwlrq dqg ohduqlqj lq jdphv14 Wkh irfxv ri wklv olwhudwxuh kdv ehhq
rq txhvwlrqv vxfk dv zkhwkhu wudmhfwrulhv frqyhujh wr Qdvk htxloleuld/ zkhwkhu grplqdwhg
dfwlrqv duh holplqdwhg dorqj frqyhujhqw ru qrqfrqyhujhqw wudmhfwrulhv/ dqg zkhwkhu g|qdplf
vwdelolw| fdq surylgh dq h>hfwlyh htxloleulxp vhohfwlrq fulwhulrq1 Wkh xqli|lqj wkhph lq wklv
rwkhuzlvh glyhuvh erg| ri zrun lv wkdw lqglylgxdov duh dvvxphg wr kdyh rqo| d olplwhg xq0
ghuvwdqglqj ri wkh vwudwhjlf vhwwlqj lq zklfk wkh| sduwlflsdwh/ dqg wr dgmxvw wkhlu ehkdylru
lq dffrugdqfh zlwk vrph dgdswlyh surfhvv1 Wklv surfhvv lv w|slfdoo| dvvxphg wr eh sd|r>
prqrwrqlf= pruh vxffhvvixo dfwlrqv duh pruh olnho| wr eh dgrswhg zlwk juhdwhu iuhtxhqf|
wkdq duh ohvv vxffhvvixo rqhv1
Dq hqwluho| gl>huhqw dssurdfk wr wkh prgholqj ri erxqghg udwlrqdolw| kdv ehhq ghyho0
rshg uhfhqwo| e| Rveruqh dqg Uxelqvwhlq +4<<;,1 Wkh dssurdfk lv vwdwlf dqg htxloleulxp
edvhg/ exw uholhv rq ohvv vwulqjhqw dvvxpswlrqv uhjduglqj wkh nqrzohgjh dqg xqghuvwdqglqj ri
sod|huv wkdq grhv wkh vwdqgdug wkhru| ri Qdvk htxloleulxp1 Wkhlu htxloleulxp frqfhsw/ 7E￿￿
htxloleulxp/ lv edvhg rq dq h{solflw surfhvv ri uhdvrqlqj rq wkh sduw ri sod|huv dqg wkhuh0
iruh fruuhvsrqgv wr surfhgxudo udwkhu wkdq vxevwdqwlyh udwlrqdolw| lq wkh vhqvh ri Vlprq
+4<:;,1 Dowkrxjk 7E￿￿ htxloleulxp lv d vwdwlf frqfhsw/ Rveruqh dqg Uxelqvwhlq lqwhusuhw lw
dv d vwhdg| vwdwh ri d g|qdplf surfhvv ri vdpsolqj1 Wklv sdshu irupdol}hv wkhlu lqirupdo
ghvfulswlrq ri wkh g|qdplf surfhvv dqg wkhuhe| idflolwdwhv d frpsdulvrq ri wklv dssurdfk
zlwk wkh h{solflwo| g|qdplf dssurdfk ri hyroxwlrqdu| jdph wkhru|1 Lw wxuqv rxw wkdw wkh
wzr dssurdfkhv jlyh ulvh wr udglfdoo| gl>huhqw vwdwlf dqg g|qdplf suhglfwlrqv1 Iru lqvwdqfh/
g|qdplfdoo| vwdeoh 7E￿￿ htxloleuld fdq lqyroyh wkh sod|lqj ri vwulfwo| grplqdwhg dfwlrqv/ dqg
htxloleuld lq zklfk vwulfwo| grplqdqw dfwlrqv duh sod|hg zlwk suredelolw| 4 fdq eh xqvwdeoh1
Wkh fulwhulrq ri g|qdplf vwdelolw| dovr |lhogv d uh?qhphqw ri 7E￿￿ htxloleulxp wkdw lv erwk
lqwxlwlyho| dsshdolqj dqg h>hfwlyh lq dssolfdwlrq1 Iru lqvwdqfh/ dowkrxjk lw lv wkh fdvh wkdw
doo vwulfw Qdvk htxloleuld duh dovr 7E￿￿ htxloleuld/ vrph vwulfw Qdvk htxloleuld pd| eh xqvwd0
eoh zlwk uhvshfw wr wkh g|qdplfv1 Wklv surylghv d vlpsoh edvlv iru vhohfwlrq dprqj vwulfw
4Uhfhqw errnv zklfk vxuyh| dqg h{whqg wkh pdlq uhvxowv lq wklv olwhudwxuh lqfoxgh Zhlexoo +4<<8,/ Yhjd0
Uhgrqgr +4<<9,/ Ixghqehuj dqg Ohylqh +4<<:,/ Vdpxhovrq +4<<:, dqg \rxqj +4<<;,1
5Qdvk htxloleuld lq fhuwdlq frruglqdwlrq jdphv zklfk/ xqolnh wkh frpprqo| xvhg fulwhulrq ri
vwrfkdvwlf vwdelolw|/ uholhv qhlwkhu rq wkh xowud0orqj uxq qru rq wkh suhvhqfh ri uduh pxwdwlrqv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Rveruqh dqg Uxelqvwhlq*v lqirupdo g|qdplf lqwhu0
suhwdwlrq ri 7E￿￿ htxloleulxp lv irupdol}hg lq Vhfwlrq 51 Wkh xvh ri g|qdplf vwdelolw| dv d
phwkrg ri vhohfwlrq dprqj dowhuqdwlyh 7E￿￿ +dqg dowhuqdwlyh vwulfw Qdvk, htxloleuld lv ghyho0
rshg lq Vhfwlrq 61 Lw lv vkrzq lq Vhfwlrq 7 wkdw vwulfwo| grplqdwhg dfwlrqv pd| eh sod|hg
zlwk srvlwlyh suredelolw| lq vwdeoh 7E￿￿ htxloleuld/ dqg wkdw htxloleuld lq zklfk rqo| grp0
lqdqw dfwlrqv duh sod|hg fdq eh xqvwdeoh1 Wklv fdq rffxu lq v|pphwulf jdphv rqo| li wkh
qxpehu ri sod|huv soxv dqg wkh qxpehu ri dfwlrqv lv dw ohdvw ?yh1 Vx!flhqw frqglwlrqv iru
wkh lqvwdelolw| ri vwulfw Qdvk htxloleuld lv surylghg lq Vhfwlrq 8 iru v|pphwulf jdphv1 Wkhvh
frqglwlrqv duh hdv| wr yhuli| dqg duh vdwlv?hg lq pdq| frpprqo| vwxglhg jdphv1 Wkh fdvh ri
dv|pphwulf jdphv zlwk pxowlsoh sod|hu srsxodwlrqv lv h{dplqhg lq Vhfwlrq 9/ dqg vx!flhqw
frqglwlrqv iru wkh lqvwdelolw| ri vwulfw Qdvk htxloleuld duh surylghg dovr iru wklv fdvh1 Vhfwlrq
: frqfoxghv1
5 Htxloleulxp dqg G|qdplfv
Frqvlghu ?uvw wkh fdvh ri v|pphwulf ?0sod|hu jdphv15 Dv lq Rveruqh dqg Uxelqvwhlq/ ohw
ł ’ i@￿cØØØc@6j uhsuhvhqw wkh ?qlwh vhw ri dfwlrqv dydlodeoh wr hdfk sod|hu/ dqg ohw ￿E@￿cK￿
ghqrwh wkh sd|r> wr d sod|hu ri fkrrvlqj wkh dfwlrq @￿ 5 ł zkhq wkh uhpdlqlqj ?￿￿ sod|huv
fkrrvh wkh dfwlrq sur?oh K 5 ł?3￿1W k l v s d | r > ixqfwlrq uhsuhvhqwv hdfk sod|hu*v ruglqdo
suhihuhqfhv ryhu wkh vhw ri rxwfrphv1 Ohw k ’E k￿cØØØck6￿ eh d suredelolw| glvwulexwlrq rq
ł/d q go h wæE@￿ck￿c￿’￿ cØØØc6c eh wkh udqgrp yduldeohv |lhoglqj ￿E@￿cK￿ zlwk suredelolw|
ŁhEK￿ iru hdfk K 5 ł?3￿Ø Khuh ŁhEK￿ lv wkh suredelolw| wkdw wkh dfwlrq sur?oh fkrvhq e| wkh
uhpdlqlqj ?￿￿ sod|huv lv Kc dvvxplqj wkdw hdfk dfwlrq lv fkrvhq lqghshqghqwo| vxemhfw wr wkh
glvwulexwlrq k rq ł1 Ilqdoo|/ ohw ￿E@￿ck￿ eh wkh suredelolw| wkdw/ zkhq hdfk udqgrp yduldeoh
æE%ck￿ lv gudzq lqghshqghqwo| dqg h{dfwo| rqfh/ wkh dfwlrq @￿ |lhogv wkh ehvw rxwfrph1 Lq
wkh fdvh ri uhdol}dwlrqv lq zklfk @￿ lv qrw xqltxh lq |lhoglqj wkh ehvw rxwfrph/ wkh suredelolw|
lv zhljkwhg e| wkh uhflsurfdo ri wkh wrwdo qxpehu ri wlhg dowhuqdwlyhv1 Dq 7E￿￿ htxloleulxp
5Mxvw dv wkh frqfhsw ri V+4, htxloleulxp jhqhudol}hv lq d vwudljkwiruzdug pdqqhu wr wkh fdvh ri dv|pphwulf
jdphv/ vr wrr grhv wkh glvhtxloleulxp g|qdplf surfhvv lqwurgxfhg ehorz1 Wkh fdvh ri dv|pphwulf jdphv lv
wuhdwhg vhsdudwho| lq Vhfwlrq 9 ehorz1
6lv gh?qhg dv d suredelolw| glvwulexwlrq k rq wkh vhw ri dfwlrqv ł zlwk wkh surshuw| wkdw
￿E@￿ck￿’k￿ iru hyhu| dfwlrq @￿ 5 łØ
Wkh frqfhsw ri 7E￿￿ htxloleulxp lv edvhg rq wkh lghd wkdw sod|huv vdpsoh hdfk dfwlrq h{dfwo|
rqfh dqg vhohfw wkh dfwlrq zklfk |lhogv wkh kljkhvw sd|r>1 Lq wkh fdvh ri wlhv/ rqh ri wkh
wlhg dowhuqdwlyhv lv slfnhg dw udqgrp/ zlwk hdfk dowhuqdwlyh kdylqj wkh vdph suredelolw| ri
ehlqj fkrvhq1 Wkh suredelolw| zlwk zklfk d jlyhq dfwlrq lv fkrvhq xqghu wklv surfhgxuh
zloo ghshqg/ ri frxuvh/ rq wkh +pl{hg, vwudwhjlhv fkrvhq e| wkh uhpdlqlqj sod|huv gxulqj
hdfk ri wkh vdpsolqj shulrgv1 Dq 7E￿￿ htxloleulxp lv d pl{hg vwudwhj| k zlwk wkh iroorzlqj
surshuw|= li doo rwkhu sod|huv dgrsw wklv vwudwhj| wkurxjkrxw wkh vdpsolqj surfhgxuh/ wkhq
wkh suredelolw| wkdw dfwlrq @￿ lv ehvw xqghu wkh vdpsolqj surfhgxuh lv suhflvho| k￿1
Rqh lqwhusuhwdwlrq ri 7E￿￿ htxloleuld wkdw lv dgydqfhg e| Rveruqh dqg Uxelqvwhlq lv wkdw
lw lv wkh vwhdg| vwdwh ri d g|qdplf surfhvv lqyroylqj d odujh srsxodwlrq ri lqglylgxdov zkr
duh udqgrpo| pdwfkhg wr sod| wkh jdph1 Hdfk phpehu ri wkh srsxodwlrq dgrswv wkh vdph
dfwlrq wkurxjkrxw khu vwd| lq wkh srsxodwlrq/ dqg wkh srsxodwlrq frpsrvlwlrq fkdqjhv dv d
uhvxow ri qhz hqwudqwv dqg ghsduwxuhv1 Zkhq hqwhulqj/ d sod|hu vdpsohv hdfk dfwlrq rqfh
dqg vhohfwv wkdw zklfk |lhogv wkh ehvw rxwfrph dffruglqj wkh surfhgxuh ghvfulehg deryh1 Lq
wklv fdvh/ dq 7E￿￿ htxloleulxp lv d glvwulexwlrq ri dfwlrqv lq wkh lqfxpehqw srsxodwlrq zklfk
lqgxfhv wkh vdph glvwulexwlrq ri dfwlrqv lq wkh  rz ri hqwudqwv1
Wklv g|qdplf surfhvv pd| eh irupdol}hg dv iroorzv1 Ohw kE|￿ uhsuhvhqw wkh glvwulexwlrq
ri dfwlrqv lq wkh srsxodwlrq dw wlph |Ø Wkdw lv/ wkh sursruwlrq ri wkh srsxodwlrq fkrrvlqj
dfwlrq @￿ 5 ł lv jlyhq e| k￿E|￿1O h wø k￿E|￿ uhsuhvhqw wkh udwh ri fkdqjh ri wklv sursruwlrq1
Xqghu wkh g|qdplfv ri vdpsolqj ghvfulehg deryh/ wkh uhsuhvhqwdwlrq lq wkh srsxodwlrq ri
dq dfwlrq wkdw lv 3ehvw4 zlwk d kljkhu +orzhu, suredelolw| wkdq lw lv fxuuhqwo| ehlqj sod|hg
vkrxog lqfuhdvh +ghfuhdvh,1 Wklv vxjjhvwv wkh iroorzlqj g|qdplfv=
ø k￿E|￿’8EkE|￿￿c
zkhuh 8 lv Olsvfklw} frqwlqxrxv dqg vdwlv?hv=6
￿E@￿ckE|￿￿ :k ￿E|￿ / ø k￿E|￿ : fc
kE|f￿ 5 l
6 , kE|￿ 5 l
6 iru doo |:| fc
















lv wkh vhw ri suredelolw| glvwulexwlrqv rq łØ Zh vkdoo uhihu wr dq| v|vwhp ri gl>huhqwldo
htxdwlrqv ø k￿E|￿’8EkE|￿￿ zklfk vdwlv?h vw k hd e r y hf r q g l w l r q vd vdvdpsolqj g|qdplf1W k h
vlpsohvw srvvleoh vshfl?fdwlrq ri d vdpsolqj g|qdplf lv wkh iroorzlqj=
ø k￿E|￿’￿E@￿ckE|￿￿ ￿ k￿E|￿Ø +4,
Wklv vshfl?fdwlrq zloo eh xvhg iru looxvwudwlyh sxusrvhv lq wkh qxphulfdo h{dpsohv zklfk
iroorz/ dqg/ iru frqyhqlhqfh/ zloo dovr eh xvhg lq wkh vwdwhphqw dqg surri ri doo irupdo uhvxowv17
Lw lv hdv| wr yhuli|/ krzhyhu/ wkdw doo uhvxowv zloo frqwlqxh wr krog zlwkrxw prgl?fdwlrq iru
duelwudu| vdpsolqj g|qdplfv1
Fohduo|/ d glvwulexwlrq k lv d uhvw srlqw ri d vdpsolqj g|qdplf li dqg rqo| li lw lv dq 7E￿￿
htxloleulxp1 Qrw doo uhvw srlqwv ri wkh g|qdplfv zloo eh vwdeoh/ krzhyhu1 Lq h{dplqlqj wkh
txhvwlrq ri vwdelolw|/ wkh iroorzlqj vwdqgdug gh?qlwlrqv +vhh iru lqvwdqfh/ Kluvfk dqg Vpdoh/
4<:7, zloo eh xvhg ehorz1
Gh?qlwlrq1 D uhvw srlqw k lv vwdeoh li/ iru hyhu| qhljkerukrrg L ª +6 frqwdlqlqj kc wkhuh
lv d qhljkerukrrg T ª L vxfk wkdw li kE|f￿ 5 T _ l6c wkhq kE|￿ 5 L _ l6 iru doo |:| f1
Lq rwkhu zrugv/ k lv vwdeoh li/ iru hyhu| qhljkerukrrg ri kc lw lv srvvleoh wr ?qg dq rshq
vhw ri lqlwldo frqglwlrqv iurp zklfk wudmhfwrulhv qhyhu ohdyh wklv qhljkerukrrg1 D uhvw srlqw
k lv xqvwdeoh li lw lv qrw vwdeoh1 D vx!flhqw frqglwlrq iru lqvwdelolw| lv wkdw rqh ru pruh ri
wkh hljhqydoxhv ri wkh Mdfrehdq/ zkhq hydoxdwhg dw wkh uhvw srlqw/ kdv srvlwlyh uhdo sduw1
Gh?qlwlrq1D u h v w s r l q w k lv dv|pswrwlfdoo| vwdeoh li lw lv vwdeoh dqg li wkhuh lv vrph
qhljkerukrrg L ª +6 vxfk wkdw doo wudmhfwrulhv lqlwldoo| lq L _ l6 frqyhujh wr k1
D vx!flhqw frqglwlrq iru dv|pswrwlf vwdelolw| +dqg khqfh vwdelolw|, lv wkdw doo hljhqydoxhv
ri wkh Mdfrehdq/ zkhq hydoxdwhg dw wkh uhvw srlqw/ kdyh qhjdwlyh uhdo sduw1 Lq wkh qh{w vhfwlrq/
lw lv vkrzq wkdw vwdelolw| +dqg dv|pswrwlf vwdelolw|, fdq surylgh d phwkrg ri vhohfwlrq dprqj
7E￿￿ htxloleuld1
7Wr vhh wkdw +4, ohdyhv ￿p lqyduldqw/ qrwh wkdw e| gh?qlwlrq
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l ￿l+w,@4iru doo wAw 31 Khqfh zh qhhg rqo| fkhfn
wkdw ￿l+w, Ł 3 iru doo wAw 31 Wklv iroorzv irup wkh idfw wkdw li ￿l+w,@3 > wkhq b ￿l+w,@z+dl>￿+w,, Ł 3=
86 Htxloleulxp Vhohfwlrq
Ohw 7E￿￿ htxloleuld zklfk sodfh suredelolw| 4 rq vrph dfwlrq eh uhihuuhg wr dv sxuh1 Dowkrxjk
wkh vhw ri Qdvk htxloleuld ri d jdph zloo qrw jhqhudoo| frlqflgh zlwk wkh vhw ri 7E￿￿ htxloleuld/
hyhu| vwulfw v|pphwulf Qdvk htxloleulxp fruuhvsrqgv wr d sxuh 7E￿￿ htxloleulxp1 Vshfl?fdoo|/
li E@^cØØØc@^￿ lv d vwulfw Qdvk htxloleulxp/ wkhq wkh pl{hg vwudwhj| wkdw sodfhv suredelolw| 4
rq wkh dfwlrq @^ lv d sxuh 7E￿￿ htxloleulxp1 Khqfh frruglqdwlrq jdphv kdyh pxowlsoh 7E￿￿
htxloleuld1 Wkh iroorzlqj h{dpsoh vkrzv wkdw vwdelolw| zlwk uhvshfw wr wkh g|qdplfv E￿￿ fdq
surylgh dq htxloleulxp uh?qhphqw wkdw holplqdwhv vrph htxloleuld lq vxfk jdphv1
H{dpsoh 4 +Frruglqdwlrq,1 Frqvlghu wkh v|pphwulf jdph zlwk wkh iroorzlqj sd|r> pdwul{





zkhuh +￿￿ dqg %￿f1 Erwk sxuh vwudwhjlhv fruuhvsrqg wr vwulfw Qdvk htxloleuld dqg khqfh
dovr wr sxuh 7E￿￿ htxloleuld1 Li %￿+ / wkhq doo suredelolw| glvwulexwlrqv rq wkh dfwlrq vsdfh
duh 7E￿￿ htxloleuld +vhh H{dpsoh 5 lq Rveruqh dqg Uxelqvwhlq,18 Vxssrvh/ krzhyhu/ wkdw
%:+ 1 Wkhq wkh suredelolw| wkdw wkh ?uvw dfwlrq lv ehvw xqghu wkh vdpsolqj surfhgxuh lv
￿E@￿ck￿’k￿ n k￿E￿ ￿ k￿￿Ø
Khqfh zh kdyh
ø k￿ ’ k￿E￿ ￿ k￿￿ Ł fc
zlwk vwulfw lqhtxdolw| kroglqj zkhqhyhu k￿ 5 Efc￿￿Ø Wkh htxloleulxp k￿ ’￿lv wkhuhiruh
wkh rqo| vwdeoh htxloleulxp/ dqg doo wudmhfwrulhv h{fhsw wkh rqh ruljlqdwlqj dw wkh xqvwdeoh
htxloleulxp frqyhujh wr lw1 n
Wkh deryh h{dpsoh lv lqwhuhvwlqj ehfdxvh vwulfw Qdvk htxloleuld duh dozd|v vwdeoh zlwk
uhvshfw wr dq| ghwhuplqlvwlf sd|r> prqrwrqlf hyroxwlrqdu| vhohfwlrq g|qdplfv/ vxfk dv wkh
8Lq wklv fdvh/ doo glvwulexwlrqv duh dovr vwdeoh V+4, htxloleuld/ wkrxjk qrqh lv dv|pswrwlfdoo| vwdeoh1
9uhsolfdwru g|qdplfv +Zhlexoo/ 4<<8,1 Hyroxwlrqdu| dssurdfkhv wr wkh htxloleulxp vhohfwlrq
sureohp lq frruglqdwlrq jdphv kdv wkhuhiruh irfxvhg rq wkh fulwhulrq ri vwrfkdvwlf vwdelolw|
+Ndqgrul/ Pdlodwk dqg Ure 4<<6/ \rxqj 4<<6,1 Vwrfkdvwlfdoo| vwdeoh vwdwhv duh vwdwhv zklfk
rffxu zlwk srvlwlyh suredelolw| lq prghov zklfk frpelqh sd|r> prqrwrqlf vhohfwlrq g|qdplfv
zlwk uduh pxwdwlrqv/ dv wkh pxwdwlrq udwh dssurdfkhv }hur19 Wkh qrwlrq ri vwrfkdvwlf vwdelolw|
lv dssursuldwh rqo| iru wkh xowud0orqj uxq/ vlqfh pryhphqwv dfurvv edvlqv ri dwwudfwlrq fdq
ehfrph yhu| lqiuhtxhqw dv wkh pxwdwlrq udwh lv ghfuhdvhg +Hoolvrq/ 4<<6,1 Lq frqwudvw/ wkh
xvh ri wkh g|qdplfv E￿￿ wr vhohfw dprqj vwulfw Qdvk htxloleuld surylghv d uh?qhphqw wkdw
ghshqgv qhlwkhu rq pxwdwlrqv/ qru rq wkh xowud0orqj uxq1 Lq Vhfwlrq 8/ hdvlo| yhul?deoh
vx!flhqw frqglwlrqv duh surylghg zklfk fdq eh dssolhg gluhfwo| wr wkh htxloleulxp vhohfwlrq
sureohp lq frruglqdwlrq jdphv1
7 Vwulfwo| Grplqdwhg Vwudwhjlhv
Rqh ri wkh pruh vwulnlqj uhvxowv lq Rveruqh dqg Uxelqvwhlq lv wkh ?qglqj wkdw vwudwhjlhv wkdw
duh vwulfwo| grplqdwhg e| sxuh vwudwhjlhv fdq uhfhlyh srvlwlyh suredelolw| lq 7E￿￿ htxloleuld1
Lw lv lqwhuhvwlqj wr udlvh wkh txhvwlrq/ wkhuhiruh/ ri zkhwkhu wklv fdq rffxu dw vwdeoh 7E￿￿
htxloleuld1 Lw wxuqv rxw wkdw qrw rqo| fdq 7E￿￿ htxloleuld zklfk sodfh srvlwlyh suredelolw|
rq vwulfwo| grplqdwhg vwudwhjlhv eh g|qdplfdoo| vwdeoh/ wkh| fdq eh xqltxho| vr1 Lq rwkhu
zrugv/ wkh 7E￿￿ htxloleulxp zklfk fruuhvsrqgv wr wkh vwulfw Qdvk htxloleulxp lq zklfk wkh
grplqdqw vwudwhj| lv sod|hg zlwk suredelolw| 4 fdq eh xqvwdeoh1 Wkh 3yroxqwdu| h{fkdqjh4
h{dpsoh jlyhq e| Rveruqh dqg Uxelqvwhlq lwvhoi wxuqv rxw wr kdyh wklv surshuw|1
H{dpsoh 5 +Yroxqwdu| H{fkdqjh,1 Frqvlghu wkh v|pphwulf jdph zlwk wkh iroorzlqj sd|r>
pdwul{=
@￿ @2 @￿
@￿ 2 D H
@2 ￿ e .
@￿ f ￿ S
9Qrwh wkdw lq h{dpsoh 4/ wkh xqltxh vwdeoh V+4, htxloleulxp lq wkh fdvh {A|lv dovr wkh xqltxh vwrfkdv0
wlfdoo| vwdeoh htxloleulxp/ wkrxjk wklv htxlydohqfh qhhg qrw krog pruh jhqhudoo|1
:Wkh ?uvw dfwlrq vwulfwo| grplqdwhv wkh rwkhu wzr lq wklv jdph dqg wkhuhiruh E@￿c@ ￿￿ lv wkh
xqltxh Qdvk htxloleulxp1 Wkh frqglwlrqv iru dq 7E￿￿ htxloleulxp duh dv iroorzv1
k￿ ’ k
￿
￿ n k2E￿ ￿ k￿￿
2 n k￿c
k2 ’ k￿k2E￿ ￿ k￿￿nk￿E￿ ￿ k￿￿c
k￿ ’ k
2
￿k2 n k￿E￿ ￿ k￿￿
2Ø
H{dfwo| wzr suredelolw| glvwulexwlrqv vdwlvi| wkhvh frqglwlrqv=
k ’E ￿ cfcf￿
k ’E f ØD￿bcfØ2..cfØ2fe￿
Hdfk ri wkh wzr vwulfwo| grplqdwhg vwudwhjlhv duh sod|hg zlwk srvlwlyh suredelolw| lq wkh
odwwhu ri wkhvh htxloleuld/ zkloh wkh iruphu fruuhvsrqgv wr wkh xqltxh vwulfw Qdvk htxloleulxp
ri wkh jdph1 Lq rughu wr ghwhuplqh zklfk/ li dq| ri wkhvh htxloleuld duh vwdeoh/ frqvlghu wkh
g|qdplfv E￿￿ dssolhg wr wklv jdph1 Vxevwlwxwlrq iru k￿ |lhogv wkh iroorzlqj wzr0glphqvlrqdo
v|vwhp=
ø k￿ ’ k
￿
￿ n k2Ek￿ n k2￿
2 nE ￿￿ k￿ ￿ k2￿ ￿ k￿c
ø k2 ’ k￿k2Ek￿ n k2￿nE ￿￿ k￿ ￿ k2￿Ek￿ n k2￿ ￿ k2Ø
Wkh Mdfrehdq ri wkh v|vwhp lv jlyhq e|
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zlwk hljhqydoxhv ￿ dqg ￿￿1 Wklv htxloleulxp lv wkhuhiruh xqvwdeoh1 Frqvlghu qh{w wkh htxlole0
ulxp k ’E f ØD￿bcfØ2..cfØ2fe￿clq zklfk vwulfwo| grplqdwhg vwudwhjlhv duh sod|hg zlwk srvlwlyh






zlwk hljhqydoxhv ￿fØHe dqg ￿fØbD1 Wklv htxloleulxp lv wkhuhiruh orfdoo| dv|pswrwlfdoo|
vwdeoh/ dqg wudmhfwrulhv zklfk duh lqlwldoo| vx!flhqwo| forvh wr lw frqyhujh lw1 n





































Iljxuh 4= Frqyhujhqfh wr wkh Lqwhulru 7E￿￿ Htxloleulxp
Wkh suhylrxv h{dpsoh vkrzv wkdw uhjdugohvv ri zkhwkhu wudmhfwrulhv frqyhujh wr dq htxl0
oleulxp/ vwulfwo| grplqdwhg vwudwhjlhv zloo frqwlqxh wr eh sod|hg lqgh?qlwho| dorqj doo sdwkv1
Vlpxodwlrq uhvxowv vxjjhvw/ pruhryhu/ wkdw wkh vwdeoh lqwhulru 7E￿￿ htxloleulxp lq wklv h{dpsoh
dwwudfwv doo wudmhfwrulhv h{fhsw iru wkdw zklfk ruljlqdwhv dw wkh xqvwdeoh htxloleulxp1 Iljxuh 4
ghslfwv wkh g|qdplfv ri wkh pl{hg vwudwhj| iurp wkh lqlwldo frqglwlrq kEf￿ ’ EfØbHcfØf￿cfØf￿￿c
zklfk lv yhu| forvh wr wkh vwulfw Qdvk htxloleulxp1 Frqyhujhqfh wr wkh lqwhulru htxloleulxp
lv udslg dqg prqrwrqlf1
Wkh ?qglqj wkdw vwulfwo| grplqdwhg vwudwhjlhv fdq eh sod|hg lq 7E￿￿ htxloleuld ri wzr0
shuvrq jdphv grhv qrw krog zkhq hdfk sod|hu kdv rqo| wzr dfwlrqv +Rveruqh dqg Uxelqvwhlq/
4<<;,1 Wkh iroorzlqj h{dpsoh vkrzv wkdw vxfk vwudwhjlhv fdq lqghhg eh sod|hg lq htxloleuld
ri jdphv kdylqj wzr dfwlrqv/ surylghg wkdw wkh qxpehu ri sod|huv lv dw ohdvw wkuhh1
H{dpsoh 6 +Wkuhh0Sod|hu Sulvrqhuv* Glohppd,1 Frqvlghu wkh v|pphwulf wkuhh0shuvrq jdph
zlwk wzr dfwlrqv dqg wkh iroorzlqj sd|r> pdwul{=
E@￿c@ ￿￿ E@￿c@ 2￿ E@2c@ 2￿
@￿ ￿ ￿ D
@2 f 2 e
<Wkh dfwlrq @￿ vwulfwo| grplqdwhv @2 dqg hdfk sod|hu sod|v @￿ zlwk suredelolw| 4 lq wkh xqltxh
Qdvk htxloleulxp1 Khqfh wkh pl{hg vwudwhj| zklfk sodfhv suredelolw| 4 rq dfwlrq @￿ lv d
sxuh 7E￿￿ htxloleulxp1 Wkhuh lv d vhfrqg 7E￿￿ htxloleulxp/ krzhyhu/ lq zklfk hdfk sod|hu

























Ri wkh wzr 7E￿￿ htxloleuld/ rqo| wkh odwwhu lv vwdeoh1 Wr vhh wklv/ frqvlghu d pl{hg vwudwhj|
k ’E k￿ck 2￿Ø Wkhq
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Lw pd| eh yhul?hg wkdw ø k￿ : f iru doo k￿ 5 dfc%￿ dqg ø k￿ ￿ f iru doo k￿ 5 E%c￿￿ zkhuh % lv
dv gh?qhg deryh1 Khqfh wkh sxuh 7E￿￿ htxloleulxp k ’E ￿ cf￿ lv xqvwdeoh dqg doo wudmhfwrulhv
h{fhsw wkdw zklfk ruljlqdwhv dw wklv xqvwdeoh htxloleulxp frqyhujh wr wkh htxloleulxp lq
zklfk vwulfwo| grplqdwhg vwudwhjlhv duh sod|hg zlwk srvlwlyh suredelolw|1 n
Wkh ?qglqj wkdw vwulfwo| grplqdwhg vwudwhjlhv wkdw duh grplqdwhg e| sxuh vwudwhjlhv fdq
eh sod|hg zlwk srvlwlyh suredelolw| dw dv|pswrwlfdoo| vwdeoh 7E￿￿ htxloleuld pd| eh frqwudvwhg
zlwk wkh idfw wkdw lq wkh vwdqgdug wkhru| ri hyroxwlrqdu| jdphv/ sd|r> prqrwrqlf vhohfwlrq
g|qdplfv holplqdwh doo vxfk vwudwhjlhv/ dqg hyhq zhdno| sd|r> srvlwlyh vhohfwlrq g|qdplfv
fdq qhyhu frqyhujh wr d vwdwh lq zklfk vwulfwo| grplqdwhg vwudwhjlhv duh sod|hg +Vdpxhovrq
dqg ]kdqj/ 4<<5> Zhlexoo 4<<8,1:
:Lw lv srvvleoh/ krzhyhu/ iru vwudwhjlhv wkdw duh vwulfwo| grplqdwhg e| d pl{hg vwudwhj| wr vxuylyh dorqj
qrqfrqyhujhqw sdwkv xqghu sd|r> prqrwrqlf vhohfwlrq g|qdplfv1 Wklv rffxuv/ iru lqvwdqfh/ lq d frqwlqxrxv0
wlph yhuvlrq ri Ghnho dqg Vfrwfkphu*v +4<<5, h{dpsoh +vhh Emøuqhuvwhgw/ 4<<6 ru Zhlexoo/ 4<<8,1 Lw lv dovr
srvvleoh iru vwudwhjlhv wkdw duh vwulfwo| grplqdwhg e| d sxuh vwudwhj| wr vxuylyh dorqj qrqfrqyhujhqw sdwkv
xqghu zhdn sd|r> srvlwlyh vhohfwlrq g|qdplfv +Vhwkl/ 4<<;,1
438 Lqvwdelolw| ri Htxloleuld
Lq wkh h{dpsohv ri wkh suhylrxv vhfwlrq/ 7E￿￿ htxloleuld lq zklfk vwulfwo| grplqdqw dfwlrqv
duh sod|hg zlwk suredelolw| 4 zhuh vkrzq wr eh xqvwdeoh1 Lq wklv vhfwlrq/ vlpsoh dqg hdvlo|
yhul?deoh vx!flhqw frqglwlrqv iru wkh lqvwdelolw| ri sxuh 7E￿￿ htxloleuld duh jlyhq1
Ohw K eh d v|pphwulf jdph zlwk ? Ł 2 sod|huv dqg 6 Ł 2 dfwlrqv1 Zulwh wkh dfwlrq
vsdfh dv ł ’ i@￿c@ 2cØØØ@6j1
Gh?qlwlrq1 Dq dfwlrq sur?oh E@^c@ ^cØØØc@^￿ lq d v|pphwulf ?8sod|hu jdph lv lqihulru li/
iru hyhu| ￿ 9’ ^ wkhuh h{lvwv ￿E￿￿ 9’ ^ vxfk wkdw
￿E@￿E￿￿c@ ￿c@ ^cØØØc@^￿ :￿ E@^c@ ^cØØØc@^￿Ø
Lw lv wzlfh lqihulru li/ iru hyhu| dfwlrq ￿ 9’ ^ wkhuh h{lvw ￿E￿￿ 9’ ^ dqg &E￿￿ 9’ ^ vxfk wkdw
￿ 9’ & dqg
￿E@￿E￿￿c@ ￿c@ ^cØØØ@^￿ Ł ￿E@&E￿￿c@ ￿c@ ^cØØØc@^￿ :￿ E@^c@ ^cØØØc@^￿Ø
Wklv gh?qlwlrq vwdwhv wkh iroorzlqj1 D v|pphwulf dfwlrq sur?oh E@^c@ ^cØØØc@^￿ lv lqihulru
li/ zkhq ?￿2 ri wkh rwkhu ?￿￿ sod|huv wdnh wkh dfwlrq @^ zkloh wkh uhpdlqlqj sod|hu vhohfwv
@￿ 9’ @^/ wkhuh h{lvwv dw ohdvw rqh uhvsrqvh @￿ +￿ 9’ ^, e| sod|hu 4 zklfk |lhogv dq rxwfrph
wkdw lv vwulfwo| suhihuuhg e| sod|hu 4 wr wkh rxwfrph dw E@^c@ ^cØØØ@^￿1 Lq H{dpsoh 6 deryh/
wkh grplqdqw vwudwhj| htxloleulxp lv lqihulru1 D v|pphwulf dfwlrq sur?oh lv wzlfh lqihulru li/
zkhq ? ￿ 2 ri wkh rwkhu ? ￿ ￿ s o d | h u vw d n hw k hd f w l r q@^ zkloh wkh uhpdlqlqj sod|hu vhohfwv
@￿ 9’ @^/w k h u hh { l v wd wo h d v wwzr glvwlqfw uhvsrqvhv @￿ dqg @& +￿c& 9’ ^, e| sod|hu 4 zklfk
|lhog dq rxwfrph wkdw lv suhihuuhg e| sod|hu 4 wr wkh rxwfrph dw E@^c@ ^cØØØ@^￿1L qH { d p s o h
5 deryh/ wkh grplqdqw vwudwhj| htxloleulxp E@￿c@ ￿￿ lv wzlfh lqihulru1 Qrwh wkdw qr dfwlrq
sur?oh fdq eh wzlfh lqihulru lq jdphv kdylqj rqo| wzr dfwlrqv1
Wkh iroorzlqj uhvxow surylghv vx!flhqw frqglwlrqv iru lqvwdelolw| lq jdphv kdylqj dw ohdvw
wkuhh sod|huv1
Wkhruhp 41 Lq dq| v|pphwulf jdph zlwk wkuhh ru pruh sod|huv/ doo lqihulru v|pphwulf
vwulfw Qdvk htxloleuld +dqg khqfh doo lqihulru sxuh 7E￿￿ htxloleuld, duh xqvwdeoh xqghu wkh
vdpsolqj g|qdplfv E￿￿1
44Surri1 Zlwkrxw orvv ri jhqhudolw|/ ohw E@￿c@ ￿cØØØc@￿￿ eh d v|pphwulf vwulfw Qdvk htxloleulxp1
Wkhq wkh pl{hg vwudwhj| zklfk sodfhv suredelolw| 4 rq dfwlrq @￿ lv d sxuh 7E￿￿ htxloleulxp1
Frqvlghu d pl{hg vwudwhj| k ’E ￿￿ 0c02c0 ￿cØØØc06￿ 5 l6czkhuh 0 5 Efc￿￿Ø Vlqfh k 5 l6czh
kdyh 0￿ Ł f iru doo ￿ 5i 2cØØØc6jc dqg
S6
2 0￿ ’ 01 Frqvlghu wkh iroorzlqj hyhqw= zkhq @￿
lv vdpsohg/ wkh rxwfrph lv E@￿c@ ￿cØØØc@￿￿>z k h q@￿E2￿ lv vdpsohg/ wkh rxwfrph lv E@￿E2￿c%￿c
zkhuh % 5 ł?3￿ frqwdlqv vrph shupxwdwlrq ri wkh dfwlrqv i@2c@ ￿cØØØc@￿j1 Wkh suredelolw| ri
wklv hyhqw lv
E￿ ￿ 0￿
?3￿ E? ￿ ￿￿E￿ ￿ 0￿
?32 02c
d q gl il wr f f x u v /@￿ zloo qrw |lhog wkh ehvw rxwfrph1 Qh{w frqvlghu wkh iroorzlqj hyhqw= zkhq
@￿ lv vdpsohg/ wkh rxwfrph lv E@￿c@ ￿cØØØc@￿￿>z k h q@￿E2￿ lv vdpsohg/ wkh rxwfrph lv E@￿E2￿c%￿c
zkhuh % 5 ł?3￿ grhv qrw frqwdlq d shupxwdwlrq ri wkh dfwlrqv i@2c@ ￿cØØØc@￿j>z k h q@￿E￿￿ lv
vdpsohg/ wkh rxwfrph lv E@￿E￿￿c+￿c zkhuh + 5 ł?3￿ frqwdlqv vrph shupxwdwlrq ri wkh dfwlrqv




￿ ￿ E? ￿ ￿￿E￿ ￿ 0￿
?32 02
￿
E? ￿ ￿￿E￿ ￿ 0￿
?32 0￿c
dqg li lw rffxuv/ @￿ zloo qrw |lhog wkh ehvw rxwfrph1 Qrwh wkdw wkh wzr hyhqwv ghvfulehg
duh pxwxdoo| h{foxvlyh1 Uhdvrqlqj lq wklv pdqqhu/ zh rewdlq wkh iroorzlqj erxqg iru wkh
suredelolw| wkdw @￿ zloo qrw |lhog wkh ehvw rxwfrph xqghu wkh vdpsolqj surfhgxuh=
￿ ￿ ￿E@￿ck￿ Ł E￿ ￿ 0￿




￿ ￿ E? ￿ ￿￿E￿ ￿ 0￿
?32 02
￿
E? ￿ ￿￿E￿ ￿ 0￿











E? ￿ ￿￿E￿ ￿ 0￿
?32 06
Ohw JE02￿ uhsuhvhqw whupv wkdw duh vhfrqg rughu ru kljkhu lq 0 dqg2ru 0￿ +02c00 ￿c0 ￿0￿cØØØ,1
Wkhq wkh deryh lqhtxdolw| pd| eh zulwwhq dv




2￿ Ø ￿ ￿ 20 n JE0
2￿ +5,
vlqfh ? Ł ￿1 Qrwh wkdw wkhuh h{lvwv 7 0:f vxfk wkdw/ iru doo 0￿7 0c JE02￿ ￿0 1 Khqfh/ iru doo
0￿7 0c zh kdyh
￿E@￿ck￿ ￿ ￿ ￿ 20 n 0 ’￿￿ 0 ’ k￿Ø +6,
45Ohw ø7 0 eh gh?qhg dv iroorzv
ø7 0 ’ i% 5 l
6 m % ’E ￿￿ 0c02c0 ￿cØØØc06￿ zlwk 0￿7 0 jØ
Wkhq iurp E￿￿ dqg E￿￿zh kdyh ø k￿ ￿ f iru doo k 5 ø7 0qkW/z k h u hkW ’E ￿ cfcØØØcf￿1K h q f hd o o
wudmhfwrulhv lqlwldoo| lq ø7 0qkW hyhqwxdoo| ohdyh ø7 0c dqg kW lv xqvwdeoh1 œ
Pdq| h{shulphqwdo sxeolf jrrgv jdphv lq zklfk }hur frqwulexwlrqv duh d grplqdqw vwudw0
hj| ehorqj wr wkh fodvv wr zklfk Wkhruhp 4 dssolhv +Ohg|dug/ 4<<8,1 Frqvlghu/ iru lqvwdqfh/
wkh iroorzlqj h{dpsoh1
H{dpsoh 7 +Sulydwh Surylvlrq ri Sxeolf Jrrgv,1 Hdfk ri ? Ł ￿ lqglylgxdov kdv dq hqgrz0
phqw e ’E 6￿￿￿%/ doo ru sduw ri zklfk pd| eh frqwulexwhg wr wkh surylvlrq ri d sxeolf jrrg
lq ?qlwh lqfuhphqwv %1 Wkh dfwlrq vsdfh ł ’ i@￿cØØØØc@6j zkhuh @￿ uhsuhvhqwv d frqwulexwlrq
ri E￿ ￿ ￿￿% xqlwv1 Ohw @￿ uhsuhvhqw wkh frqwulexwlrq ri sod|hu ￿1 Wkh wrwdo frqwulexwlrq lv
S?
￿’￿ @￿ dqg wkh sd|r> wr sod|hu ￿ lv Z￿ ’ e ￿ @￿ n q
S?
￿’￿ @￿/z k h u h￿*? ￿ q ￿ ￿1F o h d u o |
@￿ lv d vwulfwo| grplqdqw dfwlrq1 Wkh xqltxh Qdvk htxloleulxp lv E@￿cØØØc@￿￿c dqg khqfh wkh
pl{hg vwudwhj| zklfk sodfhv suredelolw| 4 rq dfwlrq @￿ lv d sxuh 7E￿￿ htxloleulxp1 Li 2q:￿
w k hf r q g l w l r q vi r uW k h r u h p4d u hv d w l v ?hg dqg wklv htxloleulxp lv wkhuhiruh xqvwdeoh1 n
Wkh h{dpsoh deryh lpsolhv wkdw vrph srvlwlyh frqwulexwlrqv zloo eh revhuyhg dw dq|
vwdeoh 7E￿￿ htxloleulxp lq wklv fodvv ri jdphv/ zklfk dffrugv zlwk pxfk ri wkh h{shulphqwdo
hylghqfh1;
Wkhruhp 4 vwdwhv wkdw lqihulrulw| lv vx!flhqw iru lqvwdelolw| ri htxloleuld lq v|pphwulf
jdphv zlwk wkuhh ru pruh sod|huv1 Wkh iroorzlqj vlpsoh h{dpsoh vkrzv wkdw lqihulrulw| lv
qrw vx!flhqw iru lqvwdelolw| lq wzr0sod|hu jdphv1





;Wklv frqfoxvlrq lv edvhg rq wkh suhplvh wkdw dq lqglylgxdo*v suhihuhqfh rughulqj ryhu rxwfrphv lq wkh
jdph ghshqgv srvlwlyho| rq wkhlu rzq prqhwdu| sd|r> dqg lv lqghshqghqw ri wkh prqhwdu| sd|r>vr ir w k h u v 1
Dq dowhuqdwlyh lqwhusuhwdwlrq ri wkh h{shulphqwdo hylghqfh lv wkdw vrph lqglylgxdov kdyh suhihuhqfhv wkdw duh
dowuxlvwlf +ru lqwhughshqghqw lq rwkhu/ pruh frpsoh{/ zd|v1,
46Wkh dfwlrq @￿ lv vwulfwo| grplqdqw dqg E@￿c@ ￿￿ lv wkh xqltxh Qdvk htxloleulxp1 Wkh pl{hg
vwudwhj| k ’E ￿ cf￿ zklfk sodfhv suredelolw| 4 rq dfwlrq @￿ lv wkh xqltxh 7E￿￿ htxloleulxp1
Wkh dfwlrq sur?oh E@￿c@ ￿￿ fohduo| lqihulru1 Wkh g|qdplfv E￿￿ dssolhg wr wklv jdph duh dv
iroorzv
ø k￿ ’ ￿E@￿ck￿ ￿ k￿ ’ k
2
￿ nE ￿￿ k￿￿ ￿ k￿ ’E ￿￿ k￿￿
2 Ø
Khqfh ø k￿ : f iru doo k￿ 5 dfc￿￿ dqg wkh lqihulru sxuh 7E￿￿ htxloleulxp dw k ’E ￿ cf￿ lv joredoo|
vwdeoh1 n
H{dpsoh 8 looxvwudwhv wkdw lqihulrulw| lv qrw vx!flhqw iru lqvwdelolw| zkhq wkh qxpehu ri
sod|huv ? ’2 1 Wzlfh lqihulrulw| lv/ krzhyhu/ vx!flhqw1
Wkhruhp 51 Lq dq| v|pphwulf wzr0sod|hu jdph/ doo wzlfh lqihulru v|pphwulf vwulfw Qdvk
htxloleuld +dqg khqfh doo wzlfh lqihulru sxuh 7E￿￿ htxloleuld, duh xqvwdeoh xqghu wkh vdpsolqj
g|qdplfv E￿￿1
Surri1 Zlwkrxw orvv ri jhqhudolw|/ ohw E@￿c@ ￿cØØØc@￿￿ eh d v|pphwulf vwulfw Qdvk htxloleulxp1
Wkhq wkh pl{hg vwudwhj| zklfk sodfhv suredelolw| 4 rq dfwlrq @￿ lv d sxuh 7E￿￿ htxloleulxp1
Frqvlghu d pl{hg vwudwhj| k ’E ￿￿ 0c02c0 ￿cØØØc06￿ 5 l6czkhuh 0 5 Efc￿￿Ø Vlqfh k 5 l6czh
kdyh 0￿ Ł f iru doo ￿ 5i 2cØØØc6jc dqg
S6
2 0￿ ’ 01 Frqvlghu wkh iroorzlqj hyhqw= zkhq @￿
lv vdpsohg/ wkh rxwfrph lv E@￿c@ ￿￿>z k h q@￿E2￿ lv vdpsohg/ wkh rxwfrph lv E@￿E2￿c@ 2￿1W k h
suredelolw| ri wklv hyhqw lv E￿ ￿ 0￿02/ dqg li lw rffxuv/ @￿ zloo qrw |lhog wkh ehvw rxwfrph1
Qh{w frqvlghu wkh iroorzlqj hyhqw= zkhq @￿ lv vdpsohg/ wkh rxwfrph lv E@￿c@ ￿￿>z k h q@￿E2￿
lv vdpsohg/ wkh rxwfrph lv qrw E@￿E2￿c@ 2￿( zkhq @&E2￿ lv vdpsohg/ wkh rxwfrph lv E@&E2￿c@ 2￿1
Wkh suredelolw| ri wklv hyhqw lv E￿ ￿ 0￿E￿￿ 02￿02/ dqg li lw rffxuv/ @￿ zloo qrw |lhog wkh ehvw
rxwfrph1 Qrwh wkdw wkh wzr hyhqwv ghvfulehg duh pxwxdoo| h{foxvlyh1 Uhdvrqlqj lq wklv
pdqqhu/ zh rewdlq wkh iroorzlqj erxqg iru wkh suredelolw| wkdw @￿ zloo qrw |lhog wkh ehvw
rxwfrph xqghu wkh vdpsolqj surfhgxuh=









2 E￿ ￿ 06￿06
Ohw JE02￿ uhsuhvhqw whupv wkdw duh vhfrqg rughu ru kljkhu lq 0 dqg2ru 0￿ +02c00 ￿c0 ￿0￿cØØØ,1
Wkhq wkh deryh lqhtxdolw| pd| eh zulwwhq dv




2￿’￿￿ 20 n JE0
2￿Ø
Wklv lv wkh vdph dv lqhtxdolw| E2￿ lq wkh surri ri Wkhruhp 4 deryh/ dqg wkh dujxphqw xvhg
wkhuhdiwhu dssolhv xqfkdqjhg wr wkh suhvhqw fdvh1 œ
Ds u r ?oh E@^c@ ^￿ fdq eh wzlfh lqihulru hyhq zkhq @^ lv d vwulfwo| grplqdqw dfwlrq/ dv
H{dpsoh 5 deryh looxvwudwhv1 Wkh lqvwdelolw| ri wkh htxloleulxp zklfk sodfhv suredelolw|
4 rq wkh vwulfwo| grplqdqw dfwlrq lpsolhv wkdw vwulfwo| grplqdwhg dfwlrqv pxvw eh sod|hg
zlwk srvlwlyh suredelolw| lqgh?qlwho| dorqj doo wudmhfwrulhv/ uhjdugohvv ri zkhwkhu ru qrw vxfk
wudmhfwrulhv frqyhujh wr dq 7E￿￿ htxloleulxp1 Wkh iroorzlqj h{dpsoh looxvwudwhv d ixuwkhu
dssolfdwlrq ri Wkhruhp 51
H{dpsoh 9 +Wkuhh0Dfwlrq Frruglqdwlrq Jdph,1 Frqvlghu wkh v|pphwulf jdph uhsuhvhqwhg
e| wkh iroorzlqj sd|r> pdwul{=
@￿ @2 @￿
@￿ 2 S S
@2 f . ￿
@￿ ￿ e H
Wklv jdph kdv wkuhh vwulfw Qdvk htxloleuld hdfk ri zklfk fruuhvsrqgv wr d sxuh 7E￿￿ htxlole0
ulxp1 Wkhuh duh qr rwkhu 7E￿￿ htxloleuld1 Ri wkh wkuhh htxloleuld/ wkh rqh dw E@￿c@ ￿￿ lv wzlfh
lqihulru dqg khqfh xqvwdeoh e| gluhfw dssolfdwlrq ri Wkhruhp 51 n
Wkh deryh h{dpsoh vkrzv wkdw vhohfwlrq dprqj vwulfw Qdvk htxloleuld lq fhuwdlq jdphv
rq wkh edvlv ri wkh g|qdplfv E￿￿ fdq eh fdq eh yhu| hdv| wr lpsohphqw e| phdqv ri wkh
vx!flhqw frqglwlrqv lghqwl?hg lq Wkhruhpv 4 dqg 51 Wklv lqylwhv d frpsdulvrq zlwk wkh
fulwhulrq ri vwrfkdvwlf vwdelolw|/ zklfk lv fxuuhqwo| wkh vwdqgdug edvlv iru vhohfwlrq dprqj
vwulfw Qdvk htxloleuld1 Vwrfkdvwlf vwdelolw| lv edvhg rq wkh olplwlqj surshuwlhv ri wkh lqyduldqw
glvwulexwlrq lq d prgho ri hyroxwlrqdu| g|qdplfv zlwk uduh pxwdwlrqv/ dv wkh pxwdwlrq udwh
jhw ydqlvklqjo| vpdoo1 Lw lv wkhuhiruh prvw vxlwdeoh dv d vhohfwlrq fulwhulrq dssolhg wr wkh
yhu| orqj uxq1 Lq frqwudvw/ wkh g|qdplfv E￿￿ duh ghwhuplqlvwlf dqg fdq frqyhujh udslgo|/
surylglqj d vhohfwlrq fulwhulrq wkdw dssolhv wr wkh vkruw uxq1 Vwrfkdvwlf vwdelolw| lv/ krzhyhu/
48d pruh srzhuixo fulwhulrq zklfk fdq glvwlqjxlvk dprqj htxloleuld wkdw wkh vdpsolqj g|qdplfv
wuhdw dv lghqwlfdo +dv lq H{dpsoh 4/ iru wkh fdvh %￿+ , 1 Z k l f kr iw k hw z rp h w k r g vl v
pruh dssursuldwh lq dq| jlyhq frqwh{w zloo wkhuhiruh ghshqg rq wkh wlph krul}rq ryhu zklfk
vhohfwlrq lv h{shfwhg wr rffxu1
9 Pxowlsoh Srsxodwlrqv
Wkh dqdo|vlv wr wklv srlqw kdv ehhq edvhg rq wkh dvvxpswlrq wkdw wkhuh lv d vlqjoh srsxodwlrq
iurp zklfk doo sod|huv duh gudzq1 Zkloh wklv lv d vxlwdeoh dvvxpswlrq iru v|pphwulf jdphv/
lw lv qrw whqdeoh lq wkh fdvh ri dv|pphwulf jdphv vlqfh wkh dfwlrq vsdfh dqg wkh srwhqwldo
sd|r> frqvhtxhqfhv ri d jlyhq dfwlrq jhqhudoo| gl>hu dfurvv gl>huhqw sod|hu srvlwlrqv1 Lq wklv
fdvh lw lv qdwxudo wr dvvxph wkdw wkhuh h{lvwv d glvwlqfw srsxodwlrq iru hdfk sod|hu srvlwlrq1
V|pphwulf jdphv wrr fdq eh dqdo|}hg rq wkh edvlv ri pxowlsoh sod|hu srsxodwlrqv +rqh iru
hdfk sod|hu srvlwlrq,1 Wkh pxowlsoh srsxodwlrq fdvh kdv gl>huhqw g|qdplf surshuwlhv wkdq
grhv wkh vlqjoh srsxodwlrq fdvh dqg uhvxowv wkdw krog lq rqh fdvh qhhg qrw fduu| ryhu wr wkh
rwkhu hyhq lq wkh fdvh ri v|pphwulf jdphv1
Frqvlghu/ iru vlpsolflw|/ wkh fdvh ri d wzr0sod|hu dv|pphwulf jdph zlwk dfwlrq vsdfhv
ł ’ i@￿cØØØc@6￿j dqg ￿ ’ iK￿cØØØcK62j uhvshfwlyho|1 Ohw ￿&E@￿cK ￿￿ ghqrwh wkh sd|r> wr
Sod|hu & zkhq Sod|hu 4 fkrrvhv wkh dfwlrq @￿ 5 ł zkloh Sod|hu 5 fkrrvhv K￿ 5 ￿1W k h v h
sd|r> ixqfwlrqv uhsuhvhqw hdfk sod|hu*v ruglqdo suhihuhqfhv ryhu wkh vhw ri rxwfrphv1 Ohw k
eh d suredelolw| glvwulexwlrq rq ł dqg q d suredelolw| glvwulexwlrq rq ￿1O h w æ￿E@￿cq￿ eh
wkh 6￿ udqgrp yduldeohv |lhoglqj ￿￿E@￿cK ￿￿ zlwk suredelolw| q￿ iru hdfk K￿ 5 ￿Ø Vlploduo|/
ohw æ2EK￿ck￿ eh wkh 62 udqgrp yduldeohv |lhoglqj ￿2E@￿cK ￿￿ zlwk suredelolw| k￿ iru hdfk
@￿ 5 łØ Ohw ￿￿E@￿cq￿ eh wkh suredelolw| wkdw/ zkhq hdfk udqgrp yduldeoh æ￿E%cq￿ lv gudzq
lqghshqghqwo| dqg h{dfwo| rqfh/ wkh dfwlrq @￿ |lhogv wkh ehvw rxwfrph1 Dv ehiruh/ lq wkh
fdvh ri uhdol}dwlrqv lq zklfk @￿ lv qrw xqltxh lq |lhoglqj wkh ehvw rxwfrph/ wkh suredelolw| lv
zhljkwhg e| wkh uhflsurfdo ri wkh wrwdo qxpehu ri wlhg dowhuqdwlyhv1 Ilqdoo|/ ohw ￿2EK￿ck￿ eh
wkh suredelolw| wkdw/ zkhq hdfk udqgrp yduldeoh æ2E+ck￿ lv gudzq lqghshqghqwo| dqg h{dfwo|
rqfh/ wkh dfwlrq K￿ |lhogv wkh ehvw rxwfrph/ djdlq zlwk wkh vdph wlh0euhdnlqj frqyhqwlrq wkdw
wkh suredelolw| lv zhljkwhg e| wkh uhflsurfdo ri wkh wrwdo qxpehu ri wlhg dowhuqdwlyhv1
Dq 7E￿￿ htxloleulxp lq wklv fdvh lv gh?qhg dv d sdlu ri suredelolw| glvwulexwlrqv Ekcq￿ rq
49w k hv h w vr id f w l r q vł dqg ￿ uhvshfwlyho|/ zlwk wkh surshuw| wkdw
￿￿E@￿cq￿’k￿ iru hyhu| dfwlrq @￿ 5 łc
￿2EK￿ck￿’q￿ iru hyhu| dfwlrq K￿ 5 ￿Ø
Wkh g|qdplfv E￿￿ fdq hdvlo| eh jhqhudol}hg wr fryhu wklv fdvh dv iroorzv=
ø k￿E|￿’￿E@￿cqE|￿￿ ￿ k￿E|￿c +7,
ø q￿E|￿’￿EK￿ckE|￿￿ ￿ q￿E|￿Ø +8,
Li wkh qxpehu ri dfwlrqv dydlodeoh wr wkh wzr sod|huv duh 6￿ dqg 62 uhvshfwlyho|/ wkh deryh
g|qdplfv duh gh?qhg iru wkh vwdwh vsdfh U6￿n621 Lw lv hdvlo| yhul?hg wkdw xqghu wkh g|qdplfv
Ee8D￿c li EkE|f￿cqE|f￿￿ 5 l6￿ ß l62c wkhq EkE|￿cqE|￿￿ 5 l6￿ ß l62 iru doo |:| f1L w l v
dovr hdvlo| vhhq wkdw d vwdwh Ekcq￿ lv d uhvw srlqw ri wkhvh g|qdplfv li dq rqo| li lw lv dq
7E￿￿ htxloleulxp1 Ixuwkhupruh/ doo ri wkh deryh gh?qlwlrqv dqg vwdwhphqwv jhqhudol}h lq d
vwudljkwiruzdug pdqqhu wr wkh fdvh ri wkuhh ru pruh srsxodwlrqv1
Iru v|pphwulf jdphv/ li k lv dq 7E￿￿ htxloleulxp lq wkh vlqjoh srsxodwlrq fdvh/ wkhq
Ekck￿ pxvw eh dq 7E￿￿ htxloleulxp lq wkh pxowlsoh srsxodwlrq fdvh1 Wkhuh pd|/ krzhyhu/ eh
dgglwlrqdo htxloleuld lq wkh odwwhu fdvh/ dqg wkh vwdelolw| surshuwlhv ri htxloleuld zklfk rffxu
lq erwk fdvhv qhhg qrw eh lghqwlfdo/ dv wkh iroorzlqj h{dpsoh looxvwudwhv1











dv|pswrwlfdoo| vwdeoh1 Wr vhh wklv/ revhuyh wkdw wkh g|qdplfv E￿￿ |lhog
ø k￿ ’ ￿E@￿ck￿ ￿ k￿ ’￿￿ 2k￿Ø
Lq wkh pxowlsoh srsxodwlrq fdvh/ rq wkh rwkhu kdqg/ wkh g|qdplfv duh dv iroorzv
ø k￿ ’ ￿E@￿cq￿ ￿ k￿ ’￿￿ q￿ ￿ k￿
ø q￿ ’ ￿EK￿ck￿ ￿ q￿ ’￿￿ k￿ ￿ q￿
4:Lq wklv fdvh dq| sdlu ri glvwulexwlrqv Ekcq￿ lv dq 7E￿￿ htxloleulxp surylghg wkdw k￿nq￿ ’￿ 1
Wkh vlqjoh srsxodwlrq 7E￿￿ htxloleulxp uhpdlqv dq htxloleulxp lq wkh pxowlsoh srsxodwlrq
fdvh/ exw lw lv qr orqjhu dv|pswrwlfdoo| vwdeoh1 n
Dowkrxjk wkh vwdelolw| ri dq htxloleulxp qhhg qrw eh pdlqwdlqhg dv rqh pryhv iurp wkh
vlqjoh srsxodwlrq wr wkh pxowlsoh srsxodwlrq fdvh/ wkh iroorzlqj uhvxow vkrzv wkdw lqvwdelolw|
lv pdlqwdlqhg1<
Wkhruhp 61 Lq dq| v|pphwulf jdph/ li kW lv d sxuh 7E￿￿ htxloleulxp zklfk lv xqvwd0
eoh xqghu wkh vlqjoh srsxodwlrq g|qdplfv E￿￿c wkhq EkWck W￿ lv xqvwdeoh xqghu wkh pxowlsoh
srsxodwlrq g|qdplfv Ee8D￿1
Surri1 Vxssrvh wkdw d sxuh 7E￿￿ htxloleulxp kW 5 l6 lv xqvwdeoh xqghu wkh g|qdplfv E￿￿1
Wkhq/ e| gh?qlwlrq/ wkhuh h{lvwv d qhljkerukrrg L ª +6 ri kW vxfk wkdw doo wudmhfwrulhv
zklfk ruljlqdwh dw dq| kE|f￿ 5 L_l6ck E|f￿ 9’ kWc pxvw hyhqwxdoo| ohdyh LØ Q r zf r q v l g h uw k h
pxowlsoh srsxodwlrq g|qdplfv Ee8D￿ lq wkh qhljkerukrrg ri wkh htxloleulxp EkWcq
W￿c zkhuh
q
W ’ kW1V l q f hK lv v|pphwulf/ dq| wudmhfwru| zklfk vdwlv?hv lqlwldo frqglwlrqv kE|f￿’qE|f￿
pxvw vdwlvi| kE|￿’qE|￿ iru doo |:| f1P r u h r y h u /w k hw l p hs d w kr ikE|￿ zloo eh lghqwlfdo xqghu
E￿￿ wr wkh wlph sdwkv ri kE|￿ dqg qE|￿ xqghu Ee8D￿c surylghg wkdw lqlwldo frqglwlrqv kE|f￿
lq wkh iruphu fdvh duh lghqwlfdo wr wkh lqlwldo frqglwlrqv kE|f￿ dqg qE|f￿ lq wkh odwwhu fdvh1
Khqfh/ doo wudmhfwrulhv iurp lqlwldo frqglwlrqv EkE|f￿cqE|f￿￿ vdwlvi|lqj kE|f￿’qE|f￿ 5 L _l6
zloo hyhqwxdoo| ohdyh L ß L xqghu Ee8D￿1 Vlqfh hyhu| qhljkerukrrg ri EkWcq
W￿ frqwdlqv
vrph srlqwv Ekcq￿ vxfk wkdw k ’ q/ wkhuh fdq eh qr qhljkerukrrg ‘ ri EkWcq
W￿ vxfk wkdw
wudmhfwrulhv lqlwldoo| lq ‘ uhpdlq lq L ß LØKhqfh EkWcq
W￿ lv xqvwdeoh1 œ
Wkhruhp 6 lpsolhv/ lq sduwlfxodu/ wkdw grplqdqw vwudwhj| htxloleuld zklfk duh xqvwdeoh
xqghu wkh vlqjoh srsxodwlrq g|qdplfv +dv lq H{dpsohv 5 dqg 6 deryh, uhpdlq xqvwdeoh xqghu
wkh pxowlsoh srsxodwlrq g|qdplfv1 Lq vxfk fdvhv/ vwulfwo| grplqdwhg vwudwhjlhv zloo eh sod|hg
zlwk srvlwlyh suredelolw| dorqj doo wudmhfwrulhv/ uhjdugohvv ri zkhwkhu ru qrw wkh| frqyhujh1
Wxuqlqj/ ?qdoo|/ wr wkh fdvh ri jhqxlqho| dv|pphwulf jdphv zlwk pxowlsoh sod|hu srs0
xodwlrqv/ wkh iroorzlqj gh?qlwlrq h{whqgv wkh qrwlrq ri lqihulrulw| wr wkh fdvh lq zklfk wkh
dfwlrq vsdfhv ri wkh wzr sod|huv qhhg qrw eh wkh vdph1
<Dowkrxjk Wkhruhp 6 lv vwdwhg dqg suryhg iru wkh wzr srsxodwlrq fdvh/ wkh jhqhudol}dwlrq wr pxowlsoh
srsxodwlrqv lv vwudljkwiruzdug1
4;Gh?qlwlrq1 Dq dfwlrq sur?oh E@^cK o￿ lq d wzr0sod|hu jdph lv lqihulru iru sod|hu 4 li/ iru
hyhu| ￿ 9’ o wkhuh h{lvwv ￿E￿￿ 9’ ^ vxfk wkdw
￿E@￿E￿￿cK ￿￿ :￿ E@^cK o￿Ø
Lw lv wzlfh lqihulru iru sod|hu 4 li/ iru hyhu| dfwlrq ￿ 9’ o wkhuh h{lvw ￿E￿￿ 9’ ^ dqg &E￿￿ 9’ ^
vxfk wkdw ￿ 9’ & dqg
￿E@￿E￿￿cK ￿￿ Ł ￿E@&E￿￿cK ￿￿ :￿ E@^cK o￿Ø
+Wzlfh, lqihulrulw| iru sod|hu 5 lv gh?qhg dqdorjrxvo|1 Dq dfwlrq sur?oh E@^cK o￿ lv +wzlfh,
lqihulru li lw lv +wzlfh, lqihulru iru erwk sod|huv1
Wklv gh?qlwlrq lv frqvlvwhqw zlwk wkdw jlyhq iru v|pphwulf jdphv deryh +iru v|pphwulf
jdphv wkh wzr gh?qlwlrqv duh lghqwlfdo1, Wkh iroorzlqj uhvxow surylghv vx!flhqw frqglwlrqv
iru wkh lqvwdelolw| ri 7E￿￿ htxloleuld lq dv|pphwulf jdphv zlwk pxowlsoh sod|hu srsxodwlrqv1
Wkhruhp 71 Lq dq| wzr0sod|hu jdph/ doo wzlfh lqihulru vwulfw Qdvk htxloleuld +dqg khqfh doo
wzlfh lqihulru sxuh 7E￿￿ htxloleuld, duh xqvwdeoh xqghu wkh g|qdplfv E788￿Ø
Surri1 Zlwkrxw orvv ri jhqhudolw|/ ohw E@￿cK ￿￿ eh d vwulfw Qdvk htxloleulxp1 Wkhq wkh sdlu
EkWcq
W￿ zkhuh kW ’ q
W ’E ￿ cf￿ lv d sxuh 7E￿￿ htxloleulxp1 Frqvlghu wkh sdlu ri pl{hg
vwudwhjlhv k ’E ￿￿ BcB￿ 5 l2 dqg q ’E ￿￿ 0c0￿ 5 l2c zkhuh 0cB 5 Efc￿￿Ø Xvlqj wkh vdph
uhdvrqlqj dv lq wkh surri ri Wkhruhp 5/ wkh iroorzlqj lqhtxdolwlhv pd| eh rewdlqhg
￿E@￿cq￿ Ø ￿ ￿ 20 n JE0
2￿c
￿EK￿ck￿ Ø ￿ ￿ 2B n JEB
2￿
Khqfh wkhuh h{lvw 7 Bc 7 0:f vxfk wkdw iru doo B￿7 B dqg 0￿7 0c wkh iroorzlqj krogv
￿E@￿cq￿ ￿ ￿ ￿ 0 +9,
￿EK￿ck￿ ￿ ￿ ￿ B +:,





2 m Ekcq￿ ’ EE￿ ￿ BcB￿cE￿ ￿ 0c0￿￿ zlwk Bc0 ￿ #
￿
Ø
4<Wkhq iurp Ee8D￿ dqg ES8.￿/ wkh iroorzlqj krogv iru doo Ekcq￿ 5 ø#=
ø k￿ ’ ￿E@￿cq￿ ￿ k￿ ￿ E￿ ￿ 0￿ ￿ E￿ ￿ B￿’B ￿ 0c
ø q￿ ’ ￿EK￿ck￿ ￿ q￿ ￿ E￿ ￿ B￿ ￿ E￿ ￿ 0￿’0 ￿ BØ
Khqfh ø k￿ n ø q￿ ￿ f iru doo Ekcq￿ 5 ø#qEkWcq
W￿c dqg doo wudmhfwrulhv lqlwldoo| lq ø#qEkWcq
W￿
hyhqwxdoo| ohdyh ø#Ø Wkhuhiruh EkWcq
W￿ lv xqvwdeoh1 œ
Wkhruhp 7 surylghv vx!flhqw frqglwlrqv iru wkh lqvwdelolw| ri vwulfw Qdvk htxloleuld +dqg
khqfh sxuh 7E￿￿ htxloleuld, lq wzr0sod|hu dv|pphwulf jdphv1 Dv lq wkh fdvh ri v|pphwulf
jdphv/ wkhvh frqglwlrqv fdq eh vdwlv?hg dw htxloleuld lq zklfk vwulfwo| grplqdqw dfwlrqv duh
sod|hg zlwk suredelolw| 41 Khqfh wkh edvlf frqfoxvlrq dulvlqj iurp wkh dqdo|vlv ri v|pphwulf
jdphv uhpdlqv xqfkdqjhg= vwulfwo| grplqdwhg vwudwhjlhv pd| eh sod|hg zlwk srvlwlyh sure0
delolw| dorqj doo wudmhfwrulhv hyhq lq dv|pphwulf jdphv zlwk pxowlsoh sod|hu srsxodwlrqv1 Dv
pljkw eh frqmhfwxuhg/ wkh iroorzlqj dv|pphwulf jdph dqdorjxh ri Wkhruhp 4 dovr krogv= lq
jdphv zlwk wkuhh ru pruh sod|huv/ doo lqihulru vwulfw Qdvk htxloleuld +dqg khqfh sxuh 7E￿￿
htxloleuld, duh xqvwdeoh xqghu wkh pxowlsoh srsxodwlrq g|qdplfv1 Wkh surri ri wklv fodlp
iroorzv wkh vdph orjlf dv wkrvh ri Wkhruhpv 4 dqg 7/ exw uhtxluhv frqvlghudeoh dgglwlrqdo
qrwdwlrq/ dqg lv wkhuhiruh rplwwhg1
: Frqfoxvlrqv
Wklv sdshu kdv h{soruhg wkh g|qdplf lpsolfdwlrqv ri wkh vdpsolqj surfhgxuh wkdw xqghuolhv
Rveruqh dqg Uxelqvwhlq*v htxloleulxp frqfhsw iru jdphv zlwk surfhgxudoo| udwlrqdo sod|0
huv1 G|qdplf vwdelolw| fdq vhuyh dv d fulwhulrq iru vhohfwlrq dprqj pxowlsoh 7E￿￿ htxloleuld1
Ixuwkhupruh/ vlqfh wkhuh lv d fruuhvsrqghqfh ehwzhhq vwulfw Qdvk htxloleuld dqg sxuh 7E￿￿
htxloleuld/ wklv fulwhulrq fdq dovr eh xvhg wr dgguhvv wkh vwdqgdug +Qdvk, htxloleulxp vhohf0
wlrq sureohp1 Pruh vljql?fdqwo|/ wkh wkhru| ri 7E￿￿ htxloleuld |lhogv suhglfwlrqv wkdw gl>hu
vwduno| iurp wkrvh edvhg rq wkh vwdqgdug wkhru| ri hyroxwlrqdu| jdphv1 Wklv rffxuv ehfdxvh
wkh vdpsolqj g|qdplfv gr qrw jhqhudoo| vdwlvi| wkh frqglwlrq ri sd|r> prqrwrqlflw| wkdw
xqghuolhv prvw zrun lq hyroxwlrqdu| jdph wkhru|1 Zklfk ri wkh wzr dssurdfkhv lv pruh
vxlwdeoh lq sduwlfxodu dssolfdwlrqv zloo ghshqg/ qdwxudoo|/ rq zklfk ri wkh g|qdplf vshfl0
?fdwlrqv pruh dffxudwho| ghvfulehv lqglylgxdo ohduqlqj dqg dgmxvwphqw lq wkh hqylurqphqw
ehlqj vwxglhg1
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